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Abstract 

A bilocal field theory having Mobius gauge invariance is proposed. In four dimensions 
there exists a zero momentum state of the first quantized model, which belongs to a non- 
trivial BRS cohomology class. A field theory lagrangian having a gauge invariance only in 
four dimensions is constructed. 



PACS numbers: 11.17.+y, ll.10.Lm, ll.10.Ef 



The string model has achieved some impressive successes in unifying the fundamental 
forces of nature. However, the proliferation of vacuum states makes it difficult to build 
the unique theory of everything. Unfortunately, the structure of the model, in particular 
the superstring, seems too complicated to construct a covariant non-perturbative framework 
which may remove the degeneracy. 

Nonetheless, the string model has brought us many remarkable properties, e.g., the 
critical dimension, the duality, the finiteness, E s x E 8 etc. Among them the first two are 
the oldest and the most characteristic features distinguishing the string model from others. 
Does a truncated model of string exist, which possesses the above features? The duality 
may be a consequence of SL(2, R) (Mobius) symmetry and possibly not of the full Virasoro 
algebra. It is conceivable that a system with finite degrees of freedom, which has infinite 
components after the second quantization, has the above properties. The rigid open string 
model with the end points as the dynamical variables 0, however, has the larger constraint 
algebra than SL(2, R), and not a subalgebra of the Virasoro algebra. 

In this note we propose a bilocal field theory based on the bilocal particle model |§ whose 
constraint algebra is precisely SL(2, R). It is shown that the model has special properties in 
four space time dimensions. First there exists a zero momentum state in the first quantized 
model, which is physical in four dimensions. In the field theory a star product of two bilocal 
fields can be defined, admitting the derivative law for the BRS operator and ensuring the 
gauge invariance in four dimensions. Thus an interacting field theory is constructed in an 
analogous way to Witten's method in the covariant string field theory ||. Although we 
cannot claim the critical dimension of the model is four, we get a general impression that 
the dimension four is special in the model. 

Let us start with the following action of two relativistic particles in D dimensions with 



mixing terms H]: 

r 1 1 

J = / rfr [^— *i + 7T~ ^2 + e(xix 2 - Xix 2 )], (1) 

•> ^#1 ^#2 

where x a ,g a (a = 1, 2) are the coordinates of the particles and einbeins of each world line, 
respectively, and the dots denote the derivatives with respect to the world line parameter r 
(we omit the space time indices unless necessary), e is the coupling constant with dimension 
of mass square. In the previous note [3] we showed that the action has a hidden symmetry 
generated by 

5x a = e a x a + e s ab —, (2a) 

6=1,2 9b 

6 9a = -^( £ *9a) - (-l) a 4e£ £a, (26) 

where s 12 = s 21 = 1, s 11 = s 22 = 0, and the local parameters e's are not independent but 
related by 

i + 2eg l g 2 (e 2 - £1) = 0. (3) 

When e ^ 0, £2 is expressible in terms of Eq and E\ by Eq.(3), and the above transforma- 
tions contain £0 (and £1) and its derivatives with respect to r up to second (first) orders. 
Consequently, the physical degrees of freedom reduces by five. Two of them fix g a , leaving 
2D — 3 components of coordinates being physical. Direct calculations show that the three 
degrees of gauge freedom relevant to the unphysical coordinates form SL(2, R) algebra. 
The above facts are further confirmed by the canonical formalism given below. If e = 0, 
i.e., the two relativistic particles are independent to each other, then the physical degrees 
of freedom, of course, is 2D — 2. In this sense let us call our system as a bilocal particle 
rather than two particles. 

The canonical hamiltonian is given by 

U = AiXa + A_!L_! + J2 A ^ (4) 

0=1,2 



where 

Li = -J-(pi - ex 2 ) 2 , (5a) 
4e 

L-i = -^-(p2 + ex l ) 2 . (56) 
4e 

p a and Il a are the canonical conjugates of x a and g a , respectively, and A's and A's are 
the lagrange multipliers. The canonical equations coincide with the Euler equations if one 
puts Ai = 2egi, A_i = — 2eg 2 and A a = g a . But they are arbitrary functions of canonical 
variables in the Dirac formalism |J, which merely fix the gauge. Hereafter we choose the 
gauge A a = corresponding to g a = 0. Preservation of the primary constraint, Il a = 0, 
along the r development requires the secondary constraint, L±\ = whose preservation, in 
turn, requires the tertiary constraint, 

L = - — (pi - ex 2 ){jp2 + exi) = 0. (6) 
4e 

Finally L = is guaranteed by L ±1 = 0. Corresponding to the constraints, L 0) ±i = n 12 = 
0, we have five unphysical canonical pairs, and the number of physical coordinates is 2D — 3 
as is declared above. 

Now let us proceed to the quantum theory. Replacing p a by —i-g^r in L a we get the 
quantum operators L and L ±1 which form SL{2, R): 

[L n , L m ] = (n- m)L n+m + 2(a - ^)S n+m , (n, m = 0, ±1), (7) 

where the central term is merely attributed to the ordering ambiguity of Lq which we write 
as Lq = — j^(—idi — ex2){—id2 + ex\) — a. The constant a plays no role because of the finite 
degrees of freedom, henceforth we choose a = ^ . The nilpotent BRS operator is written 
in this notation of L Q as 

Q = Zl C « L « +o ( n ~ m ) C nC m V n+m , (8) 

n=0,±l ^ n,m=0,±l 



where c's are ghost variables and V n = The requirement of the nilpotency of Q removes 
the ordering ambiguity in Q at all, making Q independent on any arbitrary parameters. (If 
we choose, say, a = 137, then we have a central term in the algebra defined in Eq.(7), and 
by the requirement of the nilpotency the BRS operator acquires the extra term, (137 — -j)c , 
compensating the shift in Lq. Of course, e.g., Eq.(17) derived later is unchanged.) This is 
the common property of any systems with finite degrees of freedom. Note the space time 
dimension is not specified by the nilpotency as opposed to the string model ||. 
The physical states are defined by the Kugo-Ojima condition 0, 

Q | phys) = 0. (9) 

At first sight the physical state condition would amount to vanishing all L's as they operate 
to | phys), since in our notation the central term in Eq.(7) is absent. However, there exists 
an alternative scheme which is possible in four dimensions as is described later, described 
laThis is caused by an unusual kinematical symmetry as is shown below. 

The space time translations and the Lorentz transformations are generated by 



P+ = Pi + ex 2 , (10a) 

p-=p 2 — exi, (10b) 

M [W = P4v X av], (10c) 
0=1,2 



where p a = —id a . The validity of Eqs.(lO) is confirmed by the defying equations of the 
momenta in terms of x's and x's. It is important to note the difference of signs between 
Eqs.(10a,b) and Eqs.(5a,b). Thus the motions of the two particles are not necessarily 
light-like by the constraints, Lo,±i = 0. The generators satisfy the algebra 

[M^, M Xp ] = irjp[^M u]x - if] X [p,M u]p , (11a) 

[M^,p±x] = -ir)\[ixP±v], (116) 



\p+p,p- v ]=2eiri lil ,. (11c) 

It is a quite important fact that the momenta of each particle, p±, cannot have definite 
values simultaneously because of the uncertainty relation (11c). The physical states should 
belong to irreducible representations of the algebra, denote V , defined by Eqs.(ll), which 
contains the Poincare algebra. 
A short calculation shows that 

\P±^U,±i\ = [M^,L 0i±1 ] = 0. (12) 

This means that the translations and the Lorentz transformations of the hamiltonian 7i 
amount to changes of the Lagrange multipliers, i.e., the gauge choice. A state belonging 
to an irreducible representation of V is transformed by the operation of I>o,±i to a gauge 
equivalent state. Since the SL(2, R) commutes with V the gauge equivalent states have 
common kinematical quantum numbers. 
Now the ground state is defined by 

M M ,|0)=pjO) = 0, (13) 

where p = p + + p_ is the total momentum. We call the ground state as vacuum, since it 
has the quantum number of the Poincare vacuum. Let us consider the representations on 
the configuration space spanned by co,±i). By solving Eqs.(13) we obtain 

| 0) = Fe^ x ?-^>, (14) 

where F is an arbitrary function of (x\ — x 2 ) 2 and the ghost variables. Note that the 
translational invariant state is not a constant but expressed by the non trivial function of 
x a . This is a consequence of the fact that the total momentum is the sum of the mutually 
non-commuting momenta of two particles. 

The vacuum state should not necessarily be a physical state as in the case of the string 
model where the ground state of the first quantized model is generally unphysical. In fact 



the vacuum is not physical if it has zero ghost number as we see shortly. On the other 
hand, if the vacuum is physical we can construct a physical Fock space by acting kinematic 
operators on the vacuum as is shown later. So let us seek the possibility of existence of the 
physical vacuum with non-zero ghost number. 

We assume that the vacuum is a non-trivial element of the BRS cohomology, i.e., it 
satisfies the physical state condition and is not written as Q \ x) f° r some | x)- There are four 
possibilities according to the ghost number of the vacuum, defined by N g = —i Y,n=o,±i c nP n - 
If N g {yac) = 0, then all L a (a = 0, ±1) must vanish as operating on the vacuum. However, 
we see this is impossible as follows. F is determined only by L\ | 0) = 0, and the vacuum 
would be expressed as 

|0-) = e ie( " 2 K (15a) 

But Lo,-i | 0) = cannot be satisfied any more. For later convenience we write also the 
solution of L_! | 0) = 0: 

| + ) = e ie{xi ~ X2)xi , (156) 

which does not vanish by the operations of L\ and L . Next possibility is N g (vac) = 1. 
Write | 0) 

as E«=o ±1 c nA n . If Aq ^ 0, then the physical state condition is solved as 
| 0) = QL^Aq, i.e., a trivial element of the BRS cohomology. (In showing this we have 
used the relation, L±if(L ) = f(L ± 1)L±\ for any function /.) If A = 0, then it follows 
that L^\A\ = L\A-\ = 0. Then, the vacuum must be written as a linear combination of 

I 0->! = c_i | 0-> , (16a) 

and 

| + ) 1 = ci | + ) . (166) 
The physical state condition, however, is not satisfied automatically. In fact we see 

Q\0±) 1 = T(j-l)co\0±)v (17) 



Hence, if the dimension of the space time is four we have the non-trivial solutions with 
ghost number one, expressed in Eqs.(16a) and (16b). (Needless to say that Eq.(17) is not 
a consequence of the particular choice a — j.) Next we assume N g (vac) = 2. The vacuum 
must be of the form: 

| 0±) 2 = c | 0±) r (18) 

These states satisfy the physical state condition in arbitrary dimensions. If D ^ 4, however, 
these states are trivial elements of the BRS cohomology as is seen from Eq.(17). Since 
there are three ghost variables the final possibility is N g (vac) = 3. Any states with ghost 
number three satisfy the physical state condition. But it is easy to see that they are all 
trivial elements of the BRS cohomology. Therefore, we conclude that the assumption of 
the physical state condition for the vacuum specifies the dimension of the space time to be 
four, the physical dimension! It must be stressed, however, that this does not mean the 
model is proved to have critical dimension, since the ordinary unphysical vacuum exists in 
any dimensions. 

Now let us give some speculations on the construction of a field theory. We want to 
obtain a functional action in terms of bilocal fields, i.e., arbitrary functions of Xi,x 2 and 
the ghost variables. It is convenient to expand a bilocal field in terms of a complete system 
of base functions. As is well known in the compact group one can construct a system of 
base functions in a function space, the completeness of which in L 2 , the set of all square 
integrable functions, is guaranteed by the Peter- Wyle theorem on the compact topological 
group. In our case it is natural to employ the algebra, V, defined in Eq.(ll), for the 
purpose of constructing the complete system, since V generates the global symmetry of the 
first-quantized action and should provide a base for defining "kinematic" quantum numbers. 

Before defining the field theory let us consider the representation of V, which is con- 
structed on specific vacuums. In four dimensions the vacuum has the four fold degeneracy 



expressed in Eqs.(16a,b) and (18). We discard, for the moment, the vacuum states with 
ghost number two and the one having C\ as the ghost factor. The only quantities in our 
hands, which would create new states by operating on the vacuum, are Xx,x 2 ,P\ and p 2 . 
Instead of these sixteen quantities we can use the fourteen generators of V and the two L±\ 
by redefining the independent variables (note that this is possible only in four dimensions) . 
Then it turns out that the general states obtained by operating the above quantities re- 
peatedly on the vacuum, | 0—), are linear combinations (or infinite sums) of the following 
states: 

| n)" 1 -" 4 = L n _rf£...p2 | 0-) r (19) 

That is, p^L and are redundant operators. This is verified as follows. First note that 
the scalar state with total momentum k is 

\ k ) =e ikx2 | -) 1 = e^+ |0-) r (20) 

Then, by using Eq.(llc), we see the state pt | — ) 1 — pte~^ k ^+ \ k) is a linear combination 
(actually an infinite sum) of the states of the form fit | k). The latter states are 

further expressed as linear combinations of the states defined by Eq.(19) with n — 0, since 
p- | k) — (k^ 1 — p+) | k). By using Eq.(llc) again, we see the operator fit. can be always 
eliminated if it would appear in the definition, Eq.(19), of the general states. Similarly, by 
using M^ v | k) ~| k'), we see are also redundant operators. Since {L ,L ±1 } commute 
with the generators of V and L\ \ — ) 1 — the most general state constructed from | 0— ) 
is given by Eq.(19), which completes the proof. 

The vector space spanned by the system defined by Eq.(19) forms a (reducible) repre- 
sentation of V . Replacing the minus (plus) signs in the above equations by the plus (minus) 
signs we obtain another representation, and the direct sum of the two representations should 
exhaust all possible states constructed from the two vacuums | Oi)^ These representations 
are divided into invariant representations by specific values of n, since {L ,L±i} commute 



with the generators of V . The representation with n = consists of the physical states, 
and ones with n 7^ consist of the unphysical states. 

On the base of the above argument we conjecture a theorem like the Peter- Wyle, which 
would claim the completeness of the system defined by 

U ±w-« = XJ 1 ^...^ |0±> . (21) 

in a sufficiently large space of functions on (xi,^), where we treat the ghost variables 
separately. The basis (21) also forms a representation of SL{2, R) generated by {L , L± 1 }. 
In particular we have 

L u^-^ = T(n+j)u^-^, (22a) 

Liiur'""* = 0, (226) 

where we keep D in the expressions here and hereafter in order to insist that the value 
D = 4 is special also in the field theory. 

Leaving aside mathematical problems like the completeness of the system and the com- 
plete classification of the irreducible representations of V for a future study let us proceed 
tentatively to construction of a field theory. We assume that a bilocal field is expanded as 

00 1 

A(x 1 ,x 2 ,c) = E EE -A a n ^ k (c)uT^ k (x u x 2 ). (23) 

In order to obtain an action for bilocal fields in the analogous manner as Witten's string 
field theory ||] let us define the star product of two bilocal fields as follows: 

00 n oo k 1 

A* B = Y Y Y YY —A* mui a B a D u a n ^\ (24) 

a=±n=0m=Ofe=0i=0 

where A n = B n = for n < 0. The factor in Eqs.(23) and (24), plays some role in 
what follows. Note the definition of the star product is meaningful only when ^ is integer. 
The star product is associative and commutative up to the Grassmann parity. Using some 



relations like [L ±1 , L™J = nL n ^{n - 1 ± 2L ) we can show the Leibniz rule, for Q: 
Q(A * B) = QA* B + (-1)^4 * QB 

+ (j-^EEEEE , W+1 ... M <--, (25) 

^ a=± n=0 m=0 k=0 i=0 

where Na is the Grassmann parity of A. Surprisingly Q behaves as a derivative operator 
only if D — 4. 

We assume the bilocal field is Grassmann odd and has the Yang-Mills indices. Equipped 
with the above tools we can easily write the action of the bilocal field theory as 

I = J d 4 x 1 d 4 x 2 dc 1 dc^idc V[A i * QA t - ^gf ijk Ai * Aj * A k ], (26) 

where f tjk is the structure constants (with indices raised by the Killing form) and g is the 
coupling constant. V = V(xi,X2) is a measure factor satisfying p 2 + V = p 2 _V = 0, which 
guarantees the integral of the total derivative, QA, to vanish. Employing the derivative law 
for Q, which holds only when D = 4, the action is shown to be invariant under the gauge 
transformations defined by 

6A i = QAi + gfl k A j *Ak, (27) 

where A's are arbitrary functions of (xi j2 , Cq,±i), which are Grassmann even. A contains 
the sectors with various ghost numbers up to three. Among them the sector with ghost 
number one is of special interest, since it contains the gauge fields of ordinary formulation 
as is seen from Eq.(27). This sector contains the non-gauge physical fields as well, and the 
kinetic terms are closed in itself. The sectors with ghost number zero or two do not contain 
gauge fields, but propagate since they have mixed kinetic terms in Eq.(26). They consist 
of fermions with integer spins. The fields with ghost number three are all auxiliary ones, 
since they have not kinetic terms. 

In view of the above remarks we see that the simplest framework is obtained by re- 
stricting ourselves to the sector with ghost number one. In this sector the Hilbert space 



determined by the asymptotic fields is constructed on the vacuum states | ± ) 1 appeared 
in the first quantized theory outlined before. 

I am grateful to S. Saito and M. Kamata for stimulating discussions. 
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